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Abstract
The superposition of the Kepler–Coulomb potential on the 3D Euclidean space
with three centrifugal terms has recently been shown to be maximally superinte-
grable [Verrier P E and Evans N W 2008 J. Math. Phys. 49 022902] by finding
an additional (hidden) integral of motion which is quartic in the momenta. In
this paper we present the generalization of this result to the ND spherical, hy-
perbolic and Euclidean spaces by making use of a unified symmetry approach
that makes use of the curvature parameter. The resulting Hamiltonian, formed
by the (curved) Kepler–Coulomb potential together with N centrifugal terms,
is shown to be endowed with 2N − 1 functionally independent integrals of the
motion: one of them is quartic and the remaining ones are quadratic. The tran-
sition from the proper Kepler–Coulomb potential, with its associated quadratic
Laplace–Runge–Lenz N -vector, to the generalized system is fully described. The
role of spherical, nonlinear (cubic), and coalgebra symmetries in all these systems
is highlighted.
PACS: 02.30.Ik 02.40.Ky
KEYWORDS: Integrable systems, curvature, coalgebras, Lie algebras, nonlinear sym-
metry
1 Introduction
The Kepler–Coulomb (KC) potential on Riemannian spaces of constant curvature was
already studied by Lipschitz and Killing in the 19th century, and later rediscovered
by Schro¨dinger [1] (see [2] for a detailed discussion). In terms of a geodesic radial
distance r between the particle and the origin of the space, the KC potential on the
N -dimensional (ND) spherical SN , Euclidean EN and hyperbolic HN spaces reads (see,
e.g., [3, 4, 5] and references therein)
− K
tan r
on SN ; −K
r
on EN ; − K
tanh r
on HN . (1.1)
In this paper we shall deal with the integrability properties of the so-called ND gen-
eralized KC system, which is defined as the superposition of the (curved) KC potential
with N ‘centrifugal’ terms. In the ND Euclidean space EN such a system reads
H = 1
2
p2 − K√
q2
+
N∑
i=1
bi
q2i
(1.2)
where K and bi (i = 1, . . . , N) are real constants. This system was known to be quasi-
maximally superintegrable [3] in the Liouville sense [6], since a set of 2N−2 functionally
independent quadratic integrals of motion (including the Hamiltonian) were explicitly
known. In fact, in the remarkable classification on superintegrable systems on E3 by
Evans [7], this Hamiltonian was called ‘weakly’ or minimally superintegrable since it
had one integral of motion more (four) than the necessary number to be completely
integrable (three), but one less than the maximum possible number of independent
integrals for a 3D system (five).
In contrast, it was also well known that when at least one of the centrifugal terms
vanishes (we shall call this case the quasi-generalized KC system), the resulting Hamil-
tonian turns out to bemaximally superintegrable in arbitrary dimension since a maximal
set of 2N−1 functionally independent and quadratic integrals of the motion is explicitly
known (see [3, 7, 8, 9, 10] and references therein). Moreover, such maximal superin-
tegrability of the quasi-generalized KC system has also been proven for the spherical
and hyperbolic spaces [11, 12, 13] as well as for the Minkowskian and (anti-)de Sitter
spacetimes [4, 14].
Nevertheless, in a recent work Verrier and Evans [15] have shown that the gener-
alized KC system on E3 (i.e., the superposition of the 3D KC potential with three
centrifugal terms) is maximally suprintegrable, but the additional integral of motion is
quartic in the momenta. The aim of this paper is to show that this result holds for an
arbitrary dimension N and, moreover, that the generalized KC system is also maxi-
mally superintegrable on the ND curved Riemannian spaces of constant curvature: the
spherical SN and hyperbolic HN spaces. In this way the ND Euclidean system arises
as a smooth limiting flat case that can be interpreted as a contraction in terms of the
curvature parameter κ.
In order to prove this result we shall explicitly construct the set of 2N−1 function-
ally independent integrals of motion for the generalized KC Hamiltonian. In particular,
2
2N − 2 of them will be quadratic and provided by an sl(2,R) Poisson coalgebra sym-
metry [3, 16] (together with the Hamiltonian), while the remaining ‘hidden’ one is
quartic in the momenta and generalizes the result of [15] on E3 to these three ND
classical spaces of constant curvature. In this way the short list of ND maximally
superintegrable Hamiltonians (see [17] an references therein) is enlarged with another
instance.
The paper is organized as follows. In the next section we introduce the geometric
background on which the rest of the paper will be based: the Poincare´ and Beltrami
phase spaces arising, respectively, as the stereographic and the central projection from a
linear ambient space RN+1 [3, 18]. The next section is devoted to recall the description
of the maximal integrability of the curved KC system in terms of these two phase
spaces. In section 4 the spherical and ‘hidden’ nonlinear symmetries of the KC system
are fully described, thus providing a detailed explanation of the techniques making
possible the ‘transition’ from the integrability properties of the curved KC system to
the generalized one. The core of the paper is contained in section 5, where we explicitly
show how the spherical symmetry breaking induced by the centrifugal terms can be
appropriately replaced by an sl(2,R) Poisson coalgebra symmetry [19, 20] that allows
us to construct the ‘additional’ quartic integral of motion for the ND generalized curved
KC systems. Finally, some remarks close the paper.
2 Poincare´ and Beltrami phase spaces
To start with we present the structure of the Poincare´ and Beltrami phase spaces [3],
which will allow us to deal with the three classical Riemannian spaces in a unified
setting. Furthermore, as a new result, we also present the explicit canonical transfor-
mation relating both of them.
Given a constant sectional curvature κ, the ND spherical SN (κ > 0), Euclidean
E
N (κ = 0) and hyperbolic HN (κ < 0) spaces can be simultaneously embedded
in an ambient linear space RN+1 with ambient (or Weiertrass) coordinates (x0,x) =
(x0, x1, . . . , xN) by requiring them to fulfill the ‘sphere’ constraint Σ: x
2
0 + κx
2 = 1.
Hereafter for any two ND vectors, say a = (a1, . . . , aN) and b = (b1, . . . , bN ), we denote
a2 =
∑N
i=1 a
2
i , |a| =
√
a2 and a ·b =∑Ni=1 aibi. The metric on these three Riemannian
spaces of constant curvature is given, in ambient coordinates, by [21]:
ds2 =
1
κ
(
dx20 + κ dx
2
)∣∣∣
Σ
. (2.1)
Now, if we consider the stereographic projection [18] from (x0,x) ∈ Σ ⊂ RN+1 to the
Poincare´ coordinates q ∈ RN with pole (−1, 0) ∈ RN+1, that is, (−1, 0) + λ (1,q) ∈ Σ,
we obtain that
λ =
2
1 + κq2
x0 = λ− 1 = 1− κq
2
1 + κq2
x = λq =
2q
1 + κq2
. (2.2)
On the other hand, if we apply the central projection from (x0,x) to the Beltrami
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coordinates q˜ ∈ RN with pole (0, 0) ∈ RN+1, such that (0, 0) + µ (1, q˜) ∈ Σ, we find
µ =
1√
1 + κq˜2
x0 = µ x = µ q˜ =
q˜√
1 + κq˜2
. (2.3)
The image of these projections is the subset of RN determined by either λ > 0 (and
then 1+κq2 > 0), or by µ ∈ R (and thus 1+κq˜2 > 0). This means that for SN (κ > 0)
both projections lead to RN with the exception of a single point; for HN they give the
open subset q2 < 1/|κ| or q˜2 < 1/|κ| (the Poincare´ disc in 2D); and in both cases, if
κ = 0, we recover EN in Cartesian coordinates x ∈ RN ≡ EN since x = 2q = q˜.
Therefore, it can be shown that the metric (2.1) in both coordinate systems reads
ds2 = 4
dq2
(1 + κq2)2
=
(1 + κq˜2)dq˜2 − κ(q˜ · dq˜)2
(1 + κq˜2)2
(2.4)
so that the corresponding geodesic flow on these spaces can be described through the
free Lagrangian given (up to a positive multiplicative constant) by:
T = 2 q˙
2
(1 + κq2)2
=
(1 + κq˜2) ˙˜q
2 − κ(q˜ · ˙˜q)2
2(1 + κq˜2)2
. (2.5)
Hence the canonical momenta p, p˜ conjugate to q, q˜ are obtained through a Legendre
transformation yielding
p = 4
q˙
(1 + κq2)2
p˜ =
(1 + κq˜2) ˙˜q− κ(q˜ · ˙˜q)q˜
(1 + κq˜2)2
(2.6)
and the geodesic flow kinetic energy is found to be
T = 1
8
(
1 + κq2
)2
p2 =
1
2
(1 + κq˜2)
(
p˜2 + κ(q˜ · p˜)2) . (2.7)
Evidently, T can be written with a factor 1/2 instead of 1/8 in the Poincare´ phase
space but we have kept the latter factor in order to make explicit the equality between
Poincare´ and Beltrami expressions.
The canonical equivalence between both phase spaces is characterized by the fol-
lowing statement, that can be proven through direct computations and by taking into
account the expressions (2.2)–(2.6).
Proposition 1. Let (q,p) be the Poincare´ phase space variables such that {qi, pj} = δij
and (q˜, p˜) the Beltrami ones satisfying {q˜i, p˜j} = δij. Both sets of canonical variables
are related through the canonical transformation given by
q =
q˜
1 +
√
1 + κq˜2
p =
(
1 +
√
1 + κq˜2
)
p˜+ κq˜(q˜ · p˜)
q˜ =
2q
1− κq2 p˜ =
1− κq2
2(1 + κq2)
(
(1 + κq2)p− 2κq(q · p)). (2.8)
4
Moreover, from (2.8) we obtain the following useful relations to be considered below:
qipj − qjpi = q˜ip˜j − q˜j p˜i qi
qj
=
q˜i
q˜j
qi√
q2
=
q˜i√
q˜2
p˜+ κ(q˜ · p˜)q˜ = 1
2
(1− κq2)p+ κ(q · p)q
q˜ · p˜ = 1− κq
2
1 + κq2
(q · p). (2.9)
3 The Kepler–Coulomb system
In order to construct the KC Hamiltonian we recall that for the three Riemannian
spaces with constant curvature, the geodesic radial distance r (along the geodesic that
joins the particle and the origin in the space) can be expressed, in this order, in ambient,
Poincare´ and Beltrami coordinates as [3]:
1
κ
tan2(
√
κ r) =
x2
x20
=
4q2
(1− κq2)2 = q˜
2. (3.1)
In fact, these three expressions provide the appropriate definition for the curved (Higgs)
oscillator potential [22, 23].
By using these coordinates, the KC system is just the Hamiltonian [3]
H = 1
8
(
1 + κq2
)2
p2 −K 1− κq
2
2
√
q2
=
1
2
(1 + κq˜2)
(
p˜2 + κ(q˜ · p˜)2)− K√
q˜2
(3.2)
where the first term is the kinetic energy (2.7) and the second one is the curved KC
potential, which is obtained as the square root of the inverse of (3.1). We stress that
under this framekork we are able to cover simultaneously the three cases (1.1) for the
particular cases of the sectional curvature κ ∈ {+1, 0,−1}. Moreover, in this language
the limit κ→ 0 corresponds to the (flat) contraction SN → EN ← HN .
The maximal superintegrability of the curved KC Hamiltonian (3.2) is characterized
by
Proposition 2. [3] Let H be the KC Hamiltonian (3.2) and let us consider the quadratic
functions in the momenta given by
C(m) =
m∑
1≤i<j
(qipj − qjpi)2 C(m) =
N∑
N−m+1≤i<j
(qipj − qjpi)2 (3.3)
Li =
N∑
l=1
(
1
2
(1− κq2)pl + κ(q · p)ql
)
(qlpi − qipl) +K qi√
q2
=
N∑
l=1
(p˜l + κ(q˜ · p˜)q˜l) (q˜lp˜i − q˜ip˜l) +K q˜i√
q˜2
. (3.4)
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where m = 2, . . . , N , C(N) = C(N) and i = 1, . . . , N . Then:
(i) The 2N − 3 functions (3.3) and the N functions (3.4) Poisson-commute with H.
(ii) Each set {H, C(m)} and {H, C(m)} (m = 2, . . . , N) provides N functionally inde-
pendent functions in involution.
(iii) For a fixed i, the 2N − 1 functions {H, C(m), C(m),Li} with m = 2, . . . , N are
functionally independent.
In order to illustrate this result, we point out that that the Euclidean KC system is
obtained from proposition 2 by setting κ = 0. In this case, the set of integrals C(m) and
C(m) do not change, as they reflect the ‘abstract’ spherical symmetry of the system.
On the contrary, the Li integral reads
Li =
N∑
l=1
1
2
pl(qlpi − qipl) +K qi√
q2
=
N∑
l=1
p˜l(q˜lp˜i − q˜ip˜l) +K q˜i√
q˜2
. (3.5)
Of course, this is indeed the well known expression for the i-th component of the
Laplace–Runge–Lenz vector on EN ; note that the only difference between both expres-
sions is the 1/2 factor for the Poincare´ variables since q = 1
2
q˜ and p = 2p˜ when κ = 0
as it follows from (2.8).
4 Symmetries of the Kepler–Coulomb system
At this point, a detailed analysis of the the symmetry properties of the integrals of
the motion for the KC Hamiltonian is worth to be performed, since this background
will provide the appropriate framework to extend such integrability properties to the
generalized KC system.
4.1 Spherical symmetry
Firstly, we stress that the constants of the motion (3.3) keep the same form in both
Poincare´ and Beltrami phase spaces (see (2.9)). They reflect the well known spherical
symmetry of the KC system (and of any central potential as well). In particular, the
functions Jij = qipj − qjpi with i < j and i, j = 1, . . . , N span an so(N) Lie–Poisson
algebra
{Jij , Jik} = Jjk {Jij, Jjk} = −Jik {Jik, Jjk} = Jij i < j < k. (4.1)
Thus the constants of the motion (3.3) are the Casimirs of certain rotation subalgebras
so(m) ⊂ so(N) written through the sums of the square of some angular momentum
components Jij. The square of the total angular momentum J
2 is then given by the
Casimir of so(N):
J2 = C(N) = C(N) =
N∑
1≤i<j
J2ij. (4.2)
6
This so(N)-symmetry can be further enlarged by defining the following N functions
Pi (i = 1, . . . , N)
Pi =
1
2
(1− κq2)pi + κ(q · p)qi = p˜i + κ(q˜ · p˜)q˜i, (4.3)
which come from the first factors of the integrals Li (3.4) (so these are specifically
characterized by the proper KC system). Their Lie–Poisson brackets are given by
{Jij, Pk} = δikPj − δjkPi {Pi, Pj} = κJij . (4.4)
Therefore, the N(N+1)/2 functions 〈Jij, Pi〉 (i < j; i, j = 1, . . . , N) span a Lie–Poisson
algebra soκ(N + 1) [14, 21], with commutation relations given by (4.1) and (4.4), in
which κ can be interpreted as a contraction parameter. These Poisson brakets define
the spherical so(N + 1) for κ > 0, hyperbolic so(N, 1) for κ < 0, and the Euclidean
Lie–Poisson algebra iso(N) for κ = 0.
Moreover, the three Riemannian spaces of constant sectional curvature κ, de-
scribed in section 2, can be constructed as homogeneous spaces through the quotient
〈Jij, Pi〉/〈Jij〉 = 〈Pi〉:
S
N = so(N + 1)/so(N) for κ > 0;
E
N = iso(N)/so(N) for κ = 0;
H
N = so(N, 1)/so(N) for κ < 0;
(4.5)
with the Pi’s playing the role of (curved) translations on such spaces, and the contrac-
tion κ = 0 gives rise to the Euclidean (commutative) translations Pi =
1
2
pi = p˜i. The
Poisson brackets between the Hamiltonian H (3.2) and the soκ(N +1) generators read
{H, Jij} = 0 {H, Pi} = K qi(1 + κq
2)2
4|q|3 = K
q˜i(1 + κq˜
2)
|q˜|3 ≡ K
xi
x3
. (4.6)
We stress that from the viewpoint of such soκ(N + 1)-symmetry, the constants of
the motion (3.4) can be expressed in a very natural and simple form, as [14]
Li =
N∑
l=1
PlJli +K
qi√
q2
(4.7)
such that Jii ≡ 0 and Jli = −Jil if l > i. This, in turn, directly shows the functionally
independence of a given Li with respect to the integrals (3.3), as stated in proposition
2, since the latter are only formed by rotation generatos Jij of so(N).
4.2 Nonlinear angular momentum symmetry
By taking into account (4.7), it is a matter of straightforward computations to show
that the N constants of the motion (3.4) are transformed as an N -vector under the
so(N) generators (4.1),
{Jij,Lk} = δikLj − δjkLi. (4.8)
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The N functions Li are, in fact, the components of the Laplace–Runge–Lenz N-vector
on SN , HN and EN , which correspond to the ‘hidden’ symmetries of the KC Hamilto-
nian. Moreover, the Lie–Poisson brackets involving the Li components read
{Li,Lj} = 2
(
κJ2 −H) Jij ≡ ΛJij. (4.9)
This expression is worth to be compared with (4.4). Since H Poisson-commutes with
all the functions Jij and Li (in algebraic terms we would say thatH behaves as a central
extension), we find that the set of N(N+1)/2 functions 〈Jij,Li〉 (i < j; i, j = 1, . . . , N)
span a nonlinear (cubic) Poisson algebra that we sall denote as so
(3)
κ (N + 1). Only in
E
N (κ = 0) this nonlinear symmetry algebra reduces to Lie–Poisson algebras with
Λ = −2H being a constant, and we get so(N + 1) for H < 0 or so(N, 1) for H > 0.
Therefore, from a geometrical viewpoint we can say that the role of the translations
Pi on the homogeneous spaces (4.5), with Lie–Poisson symmetry soκ(N+1), is replaced
by the Laplace–Runge–Lenz components Li, with nonlinear symmetry so(3)κ (N + 1),
whereas the role of the former constant curvature κ is now played by the quadratic
function Λ (4.9). In this respect, notice that although J2 and H are both constants of
the motion for the KC system, J2 does not Poisson-commute with Li. As a consequence,
Λ is not a central function within so
(3)
κ (N + 1).
However, in the case N = 2 we have that J2 ≡ J212, so that so(3)κ (3) = 〈J12,L1,L2〉
gives rise to the cubic Poisson algebra
{J12,L1} = L2 {J12,L2} = −L1 {L1,L2} = 2κJ312 − 2HJ12. (4.10)
Next we can define ‘number’ L and ‘ladder’ operators L± as
L = iJ12 L± = L1 ± iL2
fulfilling the cubic commutation relations
{L,L±} = ±L± {L+,L−} = 4κL3 + 4HL (4.11)
which reproduce the Poisson algebra analogue of the Higgs sl(3)(2,R) algebra [22] when-
ever κ 6= 0. In this case the Poisson brackets are associated to S2 and H2, whereas the
contraction κ = 0 gives sl(2,R) (or gl(2) if H is considered as an actual generator) for
E
2. Note that the Higgs algebra is endowed with a quartic Casimir function given by
C
sl
(3)(2,R) = L+L− + κL4 + 2HL2. (4.12)
Moreover, if we realize this Casimir in terms of Poincare´ or Beltrami coordinates, we
obtain that C
sl
(3)(2,R) = K
2, which is just the square of the coupling constant of the
KC potential. It is worth to stress that the Higgs algebra has been deeply studied
and applied to different quantum physical models (beyond integrable systems) with an
underlying nonlinear angular momentum symmetry (see [24, 25, 26, 27, 28, 29, 30] and
references therein).
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5 The generalized Kepler–Coulomb system
The generalized KC Hamiltonian Hg is obtained by adding N centrifugal terms (with
non-vanishing parameters bi ∈ R) to the KC system H (3.2). In the curved cases, the
way to define appropriately such centrifugal terms was presented and fully explained
in [3]. Explicitly, in Poincare´ coordinates the generalized KC system is given by
Hg = H + 1
8
(
1 + κq2
)2 N∑
i=1
bi
q2i
=
1
8
(
1 + κq2
)2
p2 −K 1− κq
2
2
√
q2
+
1
8
(
1 + κq2
)2 N∑
i=1
bi
q2i
(5.1)
while in terms of Beltrami variables this reads
Hg = H + 1
2
(1 + κq˜2)
N∑
i=1
bi
q˜2i
=
1
2
(1 + κq˜2)
(
p˜2 + κ(q˜ · p˜)2)− K√
q˜2
+
1
2
(1 + κq˜2)
N∑
i=1
bi
q˜2i
. (5.2)
This is the curved κ-analogue of the generalized KC system on EN (1.2). We recall
that the centrifugal terms are proper centrifugal barriers on both EN (κ = 0) and
H
N (κ < 0). Moreover, only on SN (κ > 0) all these terms can be alternatively
interpreted as non-central harmonic oscillators (see [4, 21, 31, 32] for a full discussion
on the subject).
The maximal superintegrability of this Hamiltonian, which constitute the main
result of this paper, can now be stated and proven as follows.
Theorem. Let Hg be the generalized KC Hamiltonian (5.1)–(5.2) with all bi 6= 0. Let
us consider the quadratic and quartic functions in the momenta given by
C(m)g =
m∑
1≤i<j
{
(qipj − qjpi)2 +
(
bi
q2j
q2i
+ bj
q2i
q2j
)}
+
m∑
i=1
bi
Cg(m) =
N∑
N−m+1≤i<j
{
(qipj − qjpi)2 +
(
bi
q2j
q2i
+ bj
q2i
q2j
)}
+
N∑
i=N−m+1
bi (5.3)
Lgi =
(
N∑
l=1
(
1
2
(1− κq2)pl + κ(q · p)ql
)
(qlpi − qipl) + Kqi√
q2
− (1− κq2)
N∑
l=1
blqi
2q2l
)2
+
bi
q2i
(
N∑
l=1
(
1
2
(1− κq2)pl + κ(q · p)ql
)
ql
)2
=
(
N∑
l=1
(p˜l + κ(q˜ · p˜)q˜l) (q˜lp˜i − q˜ip˜l) + Kq˜i√
q˜2
−
N∑
l=1
bl
q˜2l
q˜i
)2
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+
bi
q˜2i
(
N∑
l=1
(p˜l + κ(q˜ · p˜)q˜l) q˜l
)2
(5.4)
where m = 2, . . . , N , C
(N)
g = C
g
(N) and i = 1, . . . , N . Then:
(i) The 2N − 3 functions (5.3) and the N functions (5.4) Poisson-commute with Hg.
(ii) Each set {Hg, C(m)g } and {Hg, Cg(m)} (m = 2, . . . , N) provides N functionally inde-
pendent functions in involution.
(iii) For a fixed i, the 2N − 1 functions {Hg, C(m)g , Cg(m),Lgi } with m = 2, . . . , N are
functionally independent.
Proof. We shall proceed in two steps. Firstly, we shall prove that: (1) Hg Poisson-
commutes with all the integrals C
(m)
g and C
g
(m) (5.3) and (2) that the sets {Hg, C(m)g }
and {Hg, Cg(m)} (m = 2, . . . , N) are formed by N functionally independent functions in
involution.
These two statements can be immediately proven by making use of the sl(2,R)-
coalgebra symmetry [3, 16, 19, 20] of the generalized KC Hamiltonian. Indeed, this
coalgebra symmetry is just the appropriate generalization of the spherical symmetry
for this problem. In particular, let us define the functions
J− = q
2 J3 = q · p J+ = p2 +
N∑
i=1
bi
q2i
(5.5)
where q and p are, in principle, ‘abstract’ canonical variables (in this paper they can be
directly identified with either Poincare´ or Beltrami ones). These three functions span
the sl(2,R) Poisson coalgebra with Poisson brackets, coproduct and Casimir function
given by
{J3, J+} = 2J+ {J3, J−} = −2J− {J−, J+} = 4J3
∆(Jl) = Jl ⊗ 1 + 1⊗ Jl l = +,−, 3
C = J−J+ − J23 . (5.6)
We say that the generalized KC Hamiltonian is endowed with this symmetry because it
can be written in terms of the sl(2,R)-coalgebra generators, either in Poincare´ variables
(5.1), as
Hg = 1
8
(1 + κJ−)
2 J+ −K 1− κJ−
2
√
J−
(5.7)
or in Beltrami ones (5.2) as
Hg = 1
2
(1 + κJ−)
(
J+ + κJ
2
3
)− K√
J−
. (5.8)
This, in turn, shows that the appearance of centrifugal terms is deeply related with
the sl(2,R) symplectic realization (5.5) through the generator J+. Once this symmetry
for Hg has been proven, the statements (1) and (2) are a direct consequence of such
coalgebra invariance (see [3, 16, 20] for a detailed explanation). In particular, Hg
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(5.7) Poisson-commutes with all the integrals C
(m)
g and C
g
(m) (5.3) since the latter are
just the left and right mth-coproducts of the Casimir (5.6), respectively, under the
symplectic realization (5.5). On the other hand, the sets {Hg, C(m)g } and {Hg, Cg(m)}
(m = 2, . . . , N) are, by construction, given by N functionally independent integrals of
the motion in involution.
Now the second task to complete the proof concerns the ‘additional’ quartic integral
Lgi (5.4). The proof that this Poisson-commutes withHg can be achieved through direct
but cumbersome computations, that can be carried out by starting with the expression
(5.1) (or (5.2)) and by using the results given in the previous section. Finally, the
functional independence of Lgi with respect to the set {Hg, C(m)g , Cg(m)} is automatically
fulfilled by considering all these quantities as N -parametric smooth deformations in
b = (b1, . . . , bN) of the corresponding non-generalized objects, i.e.:
Hg = H + o(b) C(m)g = C(m) + o(b) Cg(m) = C(m) + o(b) Lgi = Li + o(b). (5.9)
Hence the proof of the theorem follows by taking into account proposition 2, since we
know that Li is functionally independent with respect to the set {H, C(m), C(m)}. 
Some remarks are in order:
• The constants of the motion (5.3) again keep the same form both in Poincare´
and Beltrami variables due to the relations (2.9).
• The ‘hidden’ constants of the motion Lgi (which are quartic functions in the mo-
menta) can be written in terms of the rotation generators Jij (4.1), the translation
ones Pi (4.3) and the components of the Laplace–Runge–Lenz N -vector Li (3.4)
associated to the KC system. Namely,
Lgi =
(
N∑
l=1
PlJli +
Kqi√
q2
− (1− κq2)
N∑
l=1
blqi
2q2l
)2
+
bi
q2i
(
N∑
l=1
Plql
)2
=
(
Li − (1− κq2)
N∑
l=1
blqi
2q2l
)2
+
bi
q2i
(
N∑
l=1
Plql
)2
. (5.10)
• The spherical symmetry breaking due to centrifugal terms implies that {Hg, Jij} 6=
0 and that J2 (4.2) is no longer a constant of motion (its role is now played by
C
(N)
g = C
g
(N)). In fact, the Poisson brackets (4.6) are now generalized as
{Hg, Jij} =
biq
4
j − bjq4i
4q3i q
3
j
(1 + κq2)2 =
biq˜
4
j − bj q˜4i
q˜3i q˜
3
j
(1 + κq˜2) (5.11)
{Hg, Pi} = 2Kq
4
i − bi|q|3(1− κq2)
8q3i |q|3
(1 + κq2)2 =
Kq˜4i − bi|q˜|3
q˜3i |q˜|3
(1 + κq˜2).
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As a byproduct of the above results we straightforwardly recover the quasi-generalized
KC systems [3]:
Corollary. Let Hgi be the quasi-generalized KC Hamiltonian (5.1)–(5.2) with a single
bi = 0 (so the index i is fixed) and let us consider the quadratic functions in the
momenta (5.3) and
Lqgi =
N∑
l=1
(
1
2
(1− κq2)pl + κ(q · p)ql
)
(qlpi − qipl)
+K
qi√
q2
− (1− κq2)
N∑
l=1;l 6=i
bl
2q2l
qi
=
N∑
l=1
(p˜l + κ(q˜ · p˜)q˜l) (q˜lp˜i − q˜ip˜l) +K q˜i√
q˜2
−
N∑
l=1;l 6=i
bl
q˜2l
q˜i. (5.12)
Then:
(i) Hgi Poisson-commutes with the 2N − 3 functions (5.3) and the N functions (5.12).
(ii) Each set {Hgi , C(m)g } and {Hgi , Cg(m)} (m = 2, . . . , N) is formed by N functionally
independent functions in involution.
(iii) The 2N − 1 functions {Hgi , C(m)g , Cg(m),Lqgi } with m = 2, . . . , N are functionally
independent.
Obviously, if a second parameter bj also vanishes we obtain an additional integral
of motion Lqgj for the Hamiltonian (that we can now call Hgij). In that case we have
{Hgij, Jij} = {Hgij,Lqgi } = {Hgij ,Lqgj } = 0, (5.13)
and the rotation generator Jij becomes a constant of the motion (see (5.11)). Moreover,
the three functions 〈Jij,Lqgi ,Lqgj 〉 fulfill the Poisson brackets
{Jij,Lqgi } = Lqgj {Jij,Lqgi } = −Lqgj {Lqgi ,Lqgj } = 2
(
κC(N)g −Hgij
)
Jij (5.14)
to be compared with (4.8) and (4.9). Note that these brackets do not close a nonlinear
Poisson algebra due to C
(N)
g (5.3). The very same process follows when yet one more
centrifugal parameter vanishes, and so on. From this viewpoint the KC system (3.2)
arises as the ‘degenerate’ case with all the bi = 0 of the generalized one (5.1)–(5.2) in
the sense that Hg →Hg12...N ≡ H and Lgi → Lqgi → Li (i = 1, . . . , N).
Finally we would like to point out that the results here presented on the generalized
KC system on curved spaces make this system ‘closer’ to the Smorodinsky–Winternitz
system (i.e., the superposition of the curved harmonic oscillator potential (3.1) with N
centrifugal terms) on such spaces [4, 7, 9, 11, 12, 13, 14, 21, 33, 34, 35, 36, 37]. Both of
them are maximally superintegrable, and the only structural difference between them
is the fact that all the integrals of the Smorodinsky–Winternitz system are quadratic
in the momenta.
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